The regularized 13 moment ͑R13͒ equations and their boundary conditions are considered for plane channel flows. Chapman-Enskog scaling based on the Knudsen number is used to reduce the equations. The reduced equations yield second-order slip conditions, and allow us to describe the characteristic dip in the temperature profile observed in force driven flow. Due to the scaling, the R13 equations' ability to describe Knudsen layers is lost. Solutions with Knudsen layers are discussed as well, and it is shown that these give a better match to direct solutions of the Boltzmann equations than the reduced equations without Knudsen layers. For a radiatively heated gas the R13 equations predict a dependence of the average gas temperature on the Knudsen number with a distinct minimum around Kn= 0.2, similar to the well-known Knudsen minimum for Poiseuille flow.
I. INTRODUCTION
It is well known that the classical equations of hydrodynamics, the Navier-Stokes and Fourier laws, fail to properly describe rarefaction effects that can be observed in gases with finite Knudsen numbers. The Boltzmann equation describes the gas in microscopic detail ͓1-4͔, and by careful analysis of the equation, often involving asymptotic expansions, a wealth of rarefaction phenomena results, which can also be observed in numerical solutions of the Boltzmann equation, or from molecular dynamics.
Already for plane channel flows, such as Couette or Poiseuille flow, interesting phenomena are observed which cannot be predicted by classical hydrodynamics. We list the most significant rarefaction effects below.
͑a͒ A heat flux in flow direction not driven by temperature gradient, while in hydrodynamics heat flux is only driven by the temperature gradient ͓5-9͔.
͑b͒ In Couette and Poiseuille flow the pressure profile is not constant, while it is constant in classical hydrodynamics ͓8-12͔.
͑c͒ The mass flow in Poiseuille flow as a function of the Knudsen number exhibits a minimum for Knudsen numbers around unity. This so-called Knudsen paradox cannot be described by classical hydrodynamics with first-order slip boundary conditions ͓13-15͔, but only with second-order slip conditions ͓16-18͔.
͑d͒ The temperature profile in Poiseulle flow exhibits a characteristic dip, while classical hydrodynamics predicts a fourth-order power law and no dip ͓9-12,19-22͔. ͑e͒ All hydrodynamic quantities ͑density, temperature, velocity, pressure tensor, heat flux͒ exhibit Knudsen boundary layers at walls ͓3,15,23͔.
͑f͒ Phase speed and attenuation of high-frequency sound waves differ from the prediction of classical hydrodynamics ͓24͔.
͑g͒ The detailed structure of shock waves cannot be reproduced by classical hydrodynamics ͓25-27͔.
With the classical hydrodynamic equations being unable to describe these effects, and numerical solutions of the Boltzmann equation being time expensive, a classical question in rarefied gas dynamics is whether other macroscopic transport equations can serve to properly describe rarefied gas flows.
The derivation of the Navier-Stokes and Fourier laws by means of the first-order Chapman-Enskog expansion was one of the early successes of kinetic theory ͓1,2͔. However, the extension to higher orders leads to the Burnett ͓28͔ and super-Burnett equations ͓29͔, which are unstable ͓30-32͔; see ͓33-35͔ for attempts to stabilize the equations. Moreover, the Chapman-Enskog method, which relies on an asymptotic expansion of the Boltzmann equation in the Knudsen number, is not appropriate for Knudsen layers, and thus the Burnett and super-Burnett equations do not properly describe these. For more details on Burnett-type equations see ͓4,36͔.
Grad's moment method ͓37,38͔ leads to stable equations at higher orders and can describe Knudsen layers ͓4,39,40͔, but, due to the hyperbolic character of the equations, shock structure calculations show spurious subshocks ͓41͔.
The biggest obstacle to the Chapman-Enskog and Grad approaches is the lack of suitable boundary conditions for the various sets of equations, which therefore cannot be applied to boundary value problems.
The regularized 13 moment ͑R13͒ equations are a macroscopic set of transport equations of third order in the Knudsen number Kn in the Chapman-Enskog sense ͑i.e., of superBurnett order͒ that combine the benefits of Grad-type moment equations and Burnett-type equations, while omitting their problems.
The R13 equations were derived and discussed in previous contributions ͓38,42-45͔, and we state their main features ͓4,43,44͔. With this, the R13 equations currently represent the only extended hydrodynamic model at Burnett or super-Burnett order that is accessible to analytical and numerical solutions of boundary value problems. So far, the solutions show excellent agreement with DSMC simulations for Knudsen numbers below unity ͓47,50͔. In particular, as becomes evident from the literature cited above, the R13 equations exhibit typical rarefaction phenomena such as temperature and velocity slip at boundaries, heat flux not driven by temperature gradient, anisotropic normal stresses, and Knudsen layers. Further simulations and comparison to solutions of the Boltzmann equation are in preparation.
In the present paper, we further study the R13 equations for boundary value problems. First, to form the base for the discussion, we present the R13 equations for steady state plane channel flows in Sec. II. In Sec. III we shall consider a reduced form of the R13 equations that does not include Knudsen layers. It will be seen that terms of super-Burnett order give rise to ͑a͒ second-order slip boundary conditions with numerical factors close to those found in the literature ͓16-18͔, and ͑b͒ to the characteristic dip in the temperature profile that is observed in force driven Poiseuille flow ͓9-12,19-22͔. Comparison with numerical solutions of the Boltzmann equation ͓15͔ shows that the R13 equations predict the Knudsen minimum in Poiseuille flow ͓13,14͔ for the mass flow better than the Navier-Stokes equations with second-order slip coefficients. In Sec. IV the complete linear R13 equations are solved to discuss Knudsen layers. We show that, due to the boundary conditions, the Knudsen layer amplitudes are of first order in the Knudsen number. Analytical solutions are compared to DSMC simulations, and the abilities and limitations of the R13 equations to accurately describe Knudsen layers are discussed. Finally, in Sec. V, we show that for a gas heated by absorption of radiation the average temperature as function of the Knudsen number is nonmonotonous with a minimum around Kn= 0.2. This behavior is the analogue to the Knudsen minimum for Poiseuille flow.
II. R13 EQUATIONS FOR CHANNELS
We consider plane channel flows between two infinite, parallel plates in distance L, at steady state. The flow is driven by the specific body force G 1 which acts in the direction of the walls, or by the movement of the walls within their planes. Moreover, the gas might be heated by absorption of radiation, described through the specific absorption rate S. All quantities in the equations below are made dimensionless with equilibrium pressure p 0 = 0 0 , equilibrium temperature ͑in energy units͒ 0 , and channel distance L. This leads to the occurrence of the Knudsen number Kn = 0 ͱ 0 p 0 L where 0 is the viscosity at equilibrium conditions. In equilibrium the dimensionless moments assume the values = p = =1, v = ij = q i = ⌬ = R ij = m ijk = 0, and the dimensionless viscosity becomes = 1. The dimensionless coordinate system is chosen such that the origin is in the center, and the plates are located at y = Ϯ 1 2 .
A. Full R13 equations for channel flow
Under the prescribed geometry, the R13 equations for monatomic ideal gases ͓4,45͔ reduce to the following set of balance equations for dimensionless mass density , velocity v, temperature , stress components 12 , 11 , 22 and heat flux components q 1 , q 2 : ; n 2 is the wall normal, pointing into the gas.
In our dimensionless variables the overall mass in the channel is unity, which implies the additional boundary condition
For a detailed discussion of the difficulties associated with solving boundary value problems for the nonlinear R13 equations we refer the reader to Ref. ͓47͔. We also mention work by Gu and Emerson ͓48,52͔ who solve the R13 equations numerically with similar boundary conditions, but observe spurious boundary layers which must be attributed to the fact that they prescribe a larger number of boundary conditions than mathematically required ͓47͔.
The above boundary conditions are sufficient for linear ͓49͔ and semilinear ͓50͔ problems, and for the problems discussed below.
B. Linearized R13 equations for channel flow
Quite often, the deviations from the ground state are small, and it suffices to consider linear equations. These are obtained by ignoring all terms in the above equations that are nonlinear in deviations from the reference state. If this is done, the equations uncouple to some degree and can be summarized into the following three sets ͓49,50͔.
͑i͒ Velocity problem, 
III. CHAPMAN-ENSKOG SCALING

A. Second-order equations
We shall now reduce the above equations based on the Chapman-Enskog order of magnitude of the moments, in the same manner as in Ref. ͓46͔ for Grad's 13 moment equations. We emphasize that this procedure will eliminate all Knudsen layer contributions from the equations. The full R13 equations including the Knudsen layers are discussed in Secs. IV and V below, see also Refs. ͓4,46,49,50͔.
The scales for the nonequilibrium quantities = ͕ ij , ⌬ , R ij , m ijk ͖ are obtained from a Chapman-Enskog expansion of the above equations. To this end we set = 0 +Kn 1 +Kn 2 2 +Kn 3 3 +¯where ␣ are the expansion coefficients. We are not interested in the details of the expansion coefficients, but only in the leading order of the moments. A quantity is said to be of nth order in Kn if the expansion coefficients at all orders below n vanish, ␣ = 0 for ␣ Ͻ n. A nth-order quantity is then rescaled as =Kn n where the rescaled value is of order unity. This will make all scales in the equations explicit.
To simplify the procedure, we assume that body force G 1 and absorption rate S scale like the Knudsen number,
The equilibrium quantities temperature, pressure, and velocity are not expanded, they are of zeroth order. Only shear stress and heat flux normal to the wall turn out to be firstorder quantities, 12 = Kn 12 , q 2 = Kn q 2 . ͑10͒
Normal stresses, normal heat flux, and some of the higher moments are of second order, Equations for the third-order quantities ͑12͒ will not be required further, and are not shown. We repeat that the complete R13 equations describe Knudsen layers ͓49,47,46,50͔, which do not obey ChapmanEnskog scaling ͓39͔. The above reduction removes the Knudsen layer solutions. Thus, the above equations are valid in the bulk, or when Knudsen layers can be ignored, in particular in strongly nonlinear flow regimes.
B. Second-order jump and slip boundary conditions
From the result of the scaling procedure in the preceding section we see that even to second order the R13 equations reduce to the conservation laws for momentum and energy with the Navier-Stokes and Fourier laws, with additional equation for normal stress and parallel heat flux. As we shall see now, super-Burnett effects come into play through the boundary conditions. For the reduced equations ͑14͒ and ͑15͒, we require the boundary conditions for velocity slip and temperature jump ͑3a͒ and ͑3b͒.
To be consistent with the Chapman-Enskog scaling applied before, we need to approximate the boundary conditions up to second order in Kn. To this end we introduce the rescaled quantities into the boundary conditions. For consistent scaling, velocity slip and temperature jump must be rescaled as
where V and T are of order unity. Then, it is straightforward to remove higher-order terms and obtain the jump and slip conditions to second order as Not surprisingly, the second-order boundary conditions require contributions from the higher moments. It is quite remarkable, however, that the moments m 122 , ⌬ , R 22 are required, which contribute terms of super-Burnett order to the transport equations, but terms of Burnett order to the boundary conditions. Now we can insert our constitutive equations for higher moments ͑16͒, and also we use the slip condition for the square of the slip in the second one to obtain 
͑18͒
Second-order slip and jump conditions are widely available in the literature. For comparison we focus on the slip condition ͑17͒, in which we introduce the Navier-Stokes and Fourier laws ͑15͒, so that in the standard dimensionless quantities it assumes the form 
C. Knudsen paradox
In order to study the second-order slip effects in a simple manner, we ignore variations of density and viscosity which are assumed to have their equilibrium values ͑i.e., unity in our dimensionless variables͒, so that the stress and velocity follow from
with the boundary condition ͑19͒ ͑v W = 0, resting walls at
͑21͒
The average mass flow rate is 
͑23͒
Here, the last term contributes only terms of order O͑Kn 3 ͒ and higher. Comparison between the second-order approximation ͑22͒ and the R13 result ͑23͒-which includes Knudsen layers-suggests for the first-and second-order slip coefficients the values ␣ =1+ Based on a high accuracy expansion of the Boltzmann equation for Maxwell molecules Tij et al. ͓11͔ find a coefficient C T = 1.0153 for the correction term in ͑26͒, instead of the R13 result 488 525 Ӎ 0.93. However, the R13 equations agree with their results for normal stress 22 ͑25a͒, parallel heat flux q 1 ͑25b͒, and conductive heat flux ͑24͒. Note that these authors did not include temperature jump boundary conditions and Knudsen layers into their results. Figure 2 compares the temperature curve of Eq. ͑26͒ to DSMC data by Xu ͓21͔ for Kn= 0.072, G 1 = 0.2355. The main difference between the two curves are the more pronounced shoulders at the walls in the DSMC simulation, which are due to Knudsen layers that are ignored in the present simplified analysis. Our analytic computation of the temperature profile stands in agreement with the results of Xu ͓21͔, who used his gas-kinetic scheme to solve the superBurnett equations numerically, and recognized the dip as a super-Burnett effect. An analytical solution of the semilinearized R13 equations that includes the Knudsen layers is presented elsewhere ͓50͔.
IV. LINEAR KNUDSEN LAYERS
Within the Chapman-Enskog scaling, we found that the moments ͑11͒ and ͑12͒, which vanish within classical hydrodynamics, are of second or higher order in the Knudsen number. However, the Chapman-Enskog scaling ignores Knudsen layers, which we study now, in order to gain further insight into their characteristics.
Knudsen layers are essentially linear effects, and thus it is sufficient to study the linearized equations.
We consider the velocity problem ͑4͒ and ͑5͒ for Couette flow between two parallel plates at y = Ϯ The solution for the moments q 1 and R 12 describe Knudsen layers with amplitudes of first order in Kn. Before we discuss how the above compares to DSMC simulations, we have a brief look at this problem as described by conventional hydrodynamics, i.e., the NavierStokes theory with slip boundary conditions ͑19͒, where the following equations need to be solved:
͑28͒
Here we introduced the Knudsen layer correction coefficient ␣, as is often done in kinetic theory ͓2,17͔. Note that for ͑linear͒ Couette flow the second-order correction in ͑19͒ does not contribute. The corresponding solution reads as
. ͑29͒ Figure 3 compares the above solutions for the R13 equations ͑27͒ and the Navier-Stokes equations ͑29͒ with and without Knudsen layer correction to DSMC simulations for Maxwell molecules at Kn= 0.1, v W = 100 m / s which were obtained with Bird's code ͓51͔; in the plots the dimensionless space coordinate y is shifted by 0.5, so that the boundaries are at 0 and 1.
In the figures, the black continuous curves show the DSMC results which must be considered as the relevant benchmark. The dashed green curves show the R13 results. We notice very good agreement to the DSMC simulations. The stress 12 deviates by Ӎ1% from the DSMC result, and the parallel heat flux q 1 matches the DSMC curve quite accurately. The small differences in the middle are due to nonlinear effects described by ͑16͒ that are lost in the linearization. The upper left-hand figure shows the velocity for the whole domain, where all curves lie quite close to each other. To see the differences one needs to study the blow-up of the region at the left-hand wall ͑the upper right-hand figure͒, where it becomes obvious that the R13 equation cannot completely describe the details of the velocity Knudsen layer. However, while the R13 solutions exhibit a larger slip and a less pronounced Knudsen layer than the DSMC simulations, the two curves meet less than a mean free path away from the wall. Our anlytical results agree with the numerical solution by Gu and Emerson ͓52͔, which however shows some spurious layers at the walls ͓47͔.
The short-dashed red curves show the results from slipNavier-Stokes without Knudsen layer correction ͑␣ =1͒. The velocity is met quite well overall, where the differences near to the wall are more pronounced. The stress deviates by Ӎ2% from the DSMC result and, of course, classical hydrodynamics predicts a vanishing parallel heat flux q 1 .
The dashed-dotted dark red curves show the results for slip-Navier-Stokes with Knudsen layer correction ͑␣ = 1.1͒, where the correction coefficient was adjusted to give the proper value for stress 12 . Interestingly, the correction leads to less accurate values for the velocity close to the wall, as can be seen in the blow-up. Thus, the correction cannot be recommended.
In a previous paper ͓39͔ we have shown that the actual Knudsen layer is a linear superposition of many exponential layers exp͑−␥ ␣ y Kn ͒ with a wide variety of coefficients ␥ ␣ . The R13 equations give only one such contribution, and this explains why the velocity is not described accurately close to the wall.
Nevertheless, the R13 system gives an improvement over slip-Navier-Stokes, not only in increased accuracy for stress and velocity, but also in that it can describe the nonclassical heat flux q 1 which is a pure rarefaction effect.
Lockerby et al. ͓53͔ criticize the R13 equations for not being able to accurately describe the velocity Knudsen layer, see also comments by Gu and Emerson ͓52͔. In their paper the authors fit an analytical solution to the DSMC data in order to determine the constants of integration, and did not use any boundary conditions. In their fitting they tried to fit the R13 result to the DSMC result in the Knudsen layer. Our analytical solution does not need any fitting to DSMC simulations. Although the finer details of the velocity Knudsen layers are not reproduced, the results are in rather close agreement to the simulations, since additional slip compensates the lower amplitude of the Knudsen layer.
V. KNUDSEN PARADOX FOR TEMPERATURE IN GAS HEATED BY RADIATION
The R13 equations predict an effect similar to the Knudsen paradox for Poiseuille flow for the case of a gas heated by absorption of radiation.
We consider the linear temperature problem ͑6͒ and ͑7͒ for a gas at rest between two walls at constant temperature W , heated by absorption of radiative energy S.
Due to the symmetry of the problem, the solution for temperature can be written in terms of the local temperature difference to the walls over the absorption rate, as As an overall measure for the heating of the gas we define the average relative temperature increase as
For the above result of the R13 equations ͑30͒ we obtain from integration Figure 4 shows the relative temperature difference E as function of the Knudsen number for the full R13 solution ͑31͒, and the Fourier solutions with first-and second-order jump conditions ͑32͒. For consistency with Fig. 1 , we plotted over Ohwada's Knudsen number k. The R13 equations predict a minimum at k Ӎ 0.2 ͑or Kn= 0.18͒, which is also predicted by Fourier's law with second-order jump conditions. With first-order jump conditions, however, Fourier's law does not predict a minimum. We are not aware of solutions of the Boltzmann equation or DSMC simulations for comparison, but are confident that DSMC simulations will show this minimum in good agreement to the prediction of the R13 equations, similar to their prediction of the Knudsen minimum in Fig. 1 .
VI. CONCLUSIONS
At present, the R13 equations are the only macroscopic model for rarefied gas flows at super-Burnett order with a complete set of boundary conditions. In this paper we have discussed the properties and abilities of the R13 equations for the description of plane channel flows.
By an expansion in the Knudsen number it was shown that the R13 equations and their boundary conditions can be reduced to the Navier-Stokes-Fourier equations with secondorder jump and slip boundary conditions. The resulting values for the slip coefficients lead to good agreement with numerical solutions of the Boltzmann equation. The expansion removes Knudsen layer contributions from the solutions, and it was shown that the inclusion of these leads to markedly better results as compared to classical hydrodynamics with second-order slip boundary conditions.
For radiatively heated gases, the R13 equations predict the "temperature-Knudsen-paradox," i.e., a dependence of the average gas temperature on the Knudsen number with a minimum around Kn= 0.2, similar to the well-known Knudsen minimum for Poiseuille flow. The R13 equations with boundary conditions reproduce all known higher-order effects in rarefied gas dynamics with good accuracy. The next step is the analytical and numerical solution of flows in more complex geometries, in particular for two-and three-dimensional flows, as well as simulation of unsteady problems.
